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Transient analysis of free-electron lasers with discrete radiators
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In the linear regime before saturation, we solve the one-dimensional, classical free-electron laser equations,
maintaining the longitudinal discreteness of the electrons throughout the analysis. We then take the limit in
which the beam of discrete electrons is approximated by a continuum fluid. In the continuum limit, we recover
the Green function used by Wang and Yu in their treatment of self-amplified spontaneous elf8#sEi.

For a bunched electron beam, we discuss both incoherent and coherent SASE. We also discuss the field
radiated from a bunch whose length is short compared to the radiation wavelSti63-651X%99)11601-3

PACS numbe(s): 41.60.Cr

I. INTRODUCTION recover the results obtained in earlier w).
In Sec. Il we review the derivation of the FEL equations.

Single pass free-electron las€EELS) have great poten- In Sec. Il we discuss the one-dimensional approximation.
tial as sources of high peak power radiation at short waveWithin this framework, energy conservation is derived and
lengths, from the vacuum ultraviolet down to hard x rays.an analysis of both incoherent and coherent spontaneous ra-
High gain FELs are based upon a collective instability aris-diation is presented. In Sec. IV the one-dimensional equa-
ing from the resonant interaction between the electron beations are linearized, and the partial differential equation
and the radiation field. Most theoretical treatments of thesé4.6), determining the slowly varying envelojaeof the elec-
devices utilize either the coupled Vlasov-Maxwell equationstric field, is derived. This equation is then solved preserving
[1-6], or else individual particle formulatior§—11] which the longitudinal discreteness of the electrons. In Sec. V we
invoke a local average of the electron current over the electake the limit in which the electron beam approaches a con-

tron coordinates. In both cases, the electron beam is approXinuum fluid, and we discuss some useful representations of
mated by a continuum fluid. the continuum Green function. In Sec. VI we consider inco-

In the mathematical analysis of FELs, the difficulty in herent and coherent self-amplified spontaneous radiation for
treating the discreteness of the electrons is duéftmction ~ the case of a bunched electron beam, whose length is on the

singularities in the electron current, and corresponding disorder of the slippage in a few gain lengths.

continuities in the radiated electric field at the positions of Becauseé functions appear in the envelope equation
the electrons. For self-amplified spontaneous emissiofé-6), the envelope functioit is discontinuous at the posi-
(SASB), the start-up from shot noise in the electron beamtions of the electrons. Therefore it is necessary to specify the
depends critically upon the discreteness of the electronalue ofE at the position of each electron. In Appendix A we
Theoretical analyses of SA9R,3,4,5,11 have incorporated Use the one-dimensional FEL equations to show that the
the discreteness of the electrons into the initial conditionsvalue ofE at the electron position is equal to the average of
but the electron ga_in medium has been approximated by Hje values |mm6d|ate|y in front of and behind it. UtlIIZIng
continuum fluid. In the approach developed by Wang and yhis condition, the _envelope equation becomes well defined
[2], this is reflected in the fact that the Green function em-and we can solve it.

ployed is that corresponding to a continuum electron beam. In Sec. IV we neglect th&* term in the envelope equa-

In the present paper we take a step aimed at elucidating tH#n. This is the usual procedure for determining the domi-
continuum approximation. We consider the linear regime behant coherent growth of the radiation field. In Appendix B
fore saturation, and solve the classical FEL equations withive extend the analysis of Sec. IV to include the effects of the
the one-dimensional approximatiofin which the depen- E* term. TheE* term is important when the electron bunch
dence of quantities on transverse coordinates is neglectedength is comparable to or shorter than the radiation wave-

maintaining the longitudinal discreteness of the electrondength. ) ) )
throughout the analysis. In Sec. VIl we discuss the field radiated from a bunch

We utilize an individual particle formulation of the FEL Whose length is much shorter than the radiation wavelength.
equations introduced by Colson, Gallardo, and Boggp  The analysis is based on results obtained in Appendix B. Our
However, we do not invoke a local averaging approximatiorconclusions are given in Sec. VIII.
over longitudinal coordinates. Linearizing the one-
dimensional FEL equations, we derive the third-order partial Il. FEL EQUATIONS
differential equation(4.6) determining the slowly varying . ) L o
envelope of the radiated electric field. An explicit solution is Ve consider a highly relativistic electron beam moving in
derived, corresponding to an arbitrary set of initial longitu- the z direction through a periodic left-handed circularly po-
dinal coordinates of the electrons. With the solution in handl@rized helical wiggler, whose vector potential is given by
Egs. (4.28—(4.30, we take the limit in which the beam of . _
discrete electrons goes over to a continuum fluid, and we A,=A,(&_e*+c.c)/v2, (2.1
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whereé. = (&, +ié,)/v2, andé, andé, are orthogonal unit 93+ R
vectors transverse tb. We ignore focusing in the wiggler, Wg_inJTv (2.9b
and assume the electron beam to have no angular spread. The
transverse electron velocity is approximated by and we obtain
v, =—eA,/my, (2.2 9 14 ,
—+—-—+=—Vi|E
and the longitudinal velocity by gz cdt  2iko
2 N
1+K2 _ M€ CAy ~i4j(2) 5@ (F— F.
UEC( 1- 2.7 ) (2.3 2m 21 yi(2) R Ul(C)
. . . 1
whereK=eA,,/mcis the wiggler magnetic strength param- X 6(t—1ti(2)) o (2.10

eter.

The electron beam is assumed to be initially monoener-
getic with all electrons having energy, and longitudinal
velocity y;(yg) =vg. The spontaneous radiation emitted by
the electrons in the forward direction is left circularly polar-
ized with wave numbek, and frequencyw,= kg,

where we have introduced the ponderomotive phase
{i=(kotky)Z— wqtj(2) (2.1

of the jth electron, and7$ is the transverse Laplacian.
The pendulum equations describing the motion of the

2v3 . . =
Ko Yo _ <%0 (2.4)  electrons are derived as follows. Differentiating Eg.11)

ky Cc—vp 1+K? with respect taz yields
e s ( 0 (212
wy Wy dz " YJZ(Z) , -
k0+kW:_: c— ’ (25)
Yo Yo and the energy change is given by
Whereafwb: :(Wr? e d like el by the ing dy; _ ¢ —eA
We label the discrete pointlike electrons by the index - 0-8= j—[E(zt(z))e'é"J(Z)
=1,... N, whereN is the total number of electrons in the dz  mc i(2)
beam. Choosing the axial coordinatéo be the independent FE* (2t (2)e 1 4@] 2.13
L ] . .

variable, we denote the arrival time of tji electron ar by

4(2), _and the_corriasponding transverse position relative She coupled motion of the electrons and the radiation field is
the wiggler axis byf;(z). Ignoring space charge effects, the 4. riped by Eqe2.10—(2.13
radiation electric fiel& is determined by the wave equation, ' T

in mks units,
I1l. ONE-DIMENSIONAL APPROXIMATION
v2_ 1 42 . & 2.6 In the one-dimensional approximation the sources are
2 gt2) & T o T ' charged sheets of infinite transverse extent, with charge per
unit areaen;. The sheets are labelge=1, ... N, and the
where energyy; is associated with an ar@a=1/n, of thejth sheet.
N It is convenient to utilize the dimensionless variadlges
- . 1
Ir=2 e 82T —ri@dt-4@] g 27 =k 2, 3.0)
We introduce the slowly varying envelope function _ N _Z
E(F,Z,t) by g—(ko‘l‘ kW)Z (.l)ot— koC t o . (32)
1 o It is worth noting that
§=— EekozTwotg t+c.c. (2.9
V2 z
ok o
The wave equation is simplified by using the paraxial ap- ¢
proximation, . L
is the phase of a wave propagating in free space. The one-
2 1 9 19 dimensional FEL equations are
—— = 5 =2iky| =+ — .
2 @ a2k gzt ¢ &t)’ (2.99

dgi(n) %

. . d - 2 ’ (34)
and the resonant approximation, T ¥ (7)
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G:T) - ,yj(zT) [E(T,ZJ(T))E'Q(THL E* (Tlé"j(T))e—lgj(T)]’
(3.5
g d N gmigj(n
(7 z) B(r.O)=diko2, — 5 8C=£(),
(3.6
with
Nomo€°CA,
1:WzOm—KN- (3.7
eZAW
T, (3.9

In deriving Eq.(3.6) from Eq. (2.10, a local average has
been carried out over the transverse coordinates. Also, the
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The electric field is discontinuous at the position of the
source,{=¢{;(0), and itsvalue at the source position is the
average of the values just in front of and behinésite Ap-
pendix A).

From Eq.(3.10, the radiated energy lossI'(7) from a
bunch ofN electrons is given by

i | ademor
(3.19

N
AF(r)zgl [y,(7)—yol=

Multiplying Eq. (3.13 by its complex conjugate, we find
d3k3 [ &
IE(T,§)|2=—2{2 |S(7,¢—¢;(0)[?
Yo [I=1

+> e g

j#l

405, £~ ¢;(0))

transverse Laplacian has been dropped, corresponding to ig-

noring diffraction.
Energy conservation is derived by multiplying E®.6)

by E* (7,¢) and adding the result to its complex conjugate:

=d kojS

+E*(T:§j(7))e_'gj(7 16({—=¢;(7).
(3.9

(a
—+
or

9z [E(r,0)I? ) [E(r,(7))e'™

Integrating Eq.(3.9) over ¢, and using Eq(3.5), we derive

dy;(7) J )
= dT - d k d |E T§)| dg (3 1@
Since
d, €0
4, ngme” @10

Eq. (3.10 implies

N d¢
néchE 7,-(7)+f golE(7,0)|? k—=const, (3.12
=1 0

which is the expression of energy conservation.

XS*(T,é“—&(O))} (3.16

For the moment, let us suppose that the number of sources
in the interval ¢q,{o+d{g) is well approximated by

n
. D(Zo)do, (3173
0

whereD({) is a smooth function with &D({y)<1. The
quantityn, is the maximum line density, locally averaged to
eliminate the high frequency shot noise.

ny
=

Using the distributiorD (), the sums in Eq(3.16 can be
approximated by integrals, and from E.15 it follows
that

D(£o)do. (3.17b

d;doko [N

oy’

N

(AT(7))= -

fdzj dZoD(£0)|S(7, ¢~ Lo)I?

dé“jdgoD(go)e_'gos(Té’ o) }

=
oN

Insight into the one-dimensional approximation is ob-
tained by considering the spontaneous radiation. In this case
the paraxial wave equatiofB.6) is simplified by setting
£i(1)=¢;(0) andy;(7)=7;(0)=y, on the right-hand side.
The solution of the resulting equation is

(3.18

Utilizing the Fourier expansion,

dq S T i
dlkO N . S(T!é/—go):f E elq(( gO)JO dg,e i9¢ , (319)
E(r=—~ ,21 e '4Os(r, - ¢;(0), (3.13

and introducing the Fourier transform
where

11 0<§_§](0)<T ’D(k)zf ngD(go)eiikgoa (32@
3 {=¢;(0)

0 otherwise.

S(7,{~¢;(0))= (3.14

we reexpress E(3.18 in the form
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mation provides a good description when the gain is not

AT (7)) = M N ﬂ M reduced by diffraction and there is only one transverse mode,
< (T)> 2 2 . . . .
Yo 2 q i.e., when the Rayleigh range is approximately equal to the
) gain length[5],
dg [D(1+ 4 sirt(qr/2
+N2f = (~ q)‘ (qu )]. Se
27| D(0) \ q )\—O~LG. (3.27

(3.2
, ] o ] It is worth noting that the condition, Eq3.27), for the
The first term on the right-hand side is the incoherent spong;igity of the one-dimensional approximation can be rewrit-
taneous radiation, and the second term is the coherent spogs in the form

taneous radiation. The integral ovgim the first term can be

evaluated, and the incoherent energy loss is found to be Y
0 0
—~—. (3.28
NdldzkoT Ee LG
Aljne(7)=— —z (3.22
0

Equation(3.28 has the physical interpretation that the dif-
For point electrons, it is well known that in the forward fraction angle corresponding to the electron beam transverse

direction forw~ w, the spontaneous radiated energy per unitdimension is approximately equal to the angle, /L char-
solid angle, per unit frequency interval is given [dii] acteristic of radiation from a section of undulator of extent

equal to one gain length.
di(w) 1 e’kK® sif[mNy(w/wo—1)]
dQ  4meq 27%ckiy;  (wlwp—1)* IV. LINEAR REGIME

3.2

(3.29 There is an important regime before saturation in which
UsingK=eA,,/mc, and the definitions ofi, andd, givenin  the FEL equations can be linearized. We wfi&
Egs.(3.7) and(3.8), we find

N di(@) A3 Ndydoko 4 sif(qri2) GN=6(0+(0) 7+ 04(7), @3

m& do = YT 2 2792 4 where the dot indicates differentiation with respect-taVe
(3.29 consider an initially monoenergetic electron beam;yg®)

=1y, for all j. Hence, it follows from Eq(3.4) that Z,—(O)
=0 for all j. When|y;(7) — yo|< 0. Eq.(3.4) becomes

where A y=2m/k, is the resonant radiation wavelength,
=1/ng, and g=(w—wg)/wy is the frequency detuning.

From Egs.(3.24 and(3.2)), it follows that the radiated en- (1) —
ergy lossAy(7), computed within the one-dimensional ap- 'gj(q-)gz(u) 4.2
proximation, corresponds to the spontaneous radiation emit- Yo
ted by point electrons into the solid anglil,12| )
an
AQ=\Z/3. (3.25
. . 2 .
To conclude this section, let us review the conditions §j(7)=5§j(7)5y—0 i(7). (4.3
[5,10,17 for the validity of the one-dimensional approxima-
tiop. Consider a ang vyiggler in which there is. exponentiaIUSing Eq.(3.5 in Eq. (4.3 yields[8]
gain of the radiation field. We denote the gain length
folding length of the electric field byl ¢, and suppose the .
electron beam to have a circular cross section of &ga 8Li(r)=— _22 j dr(r— 7J/)[E(qﬂygj(()))eiq(o)
Diffraction will have a negligible effect on the gain if the Yo JO
Rayleigh range corresponding to the electron beam cross sec- x( 0 5 —i¢;(0)
tion is greater than or on the order of the gain length, i.e., TE(.4(0)e T, “.4
S, where we have kept only terms linear in
)\—ELG. (3.26 We approximate the paraxial wave equati@b), by the
0

linear equation

On the other hand, when the Rayleigh range is short com-
pared to the gain length, diffraction will reduce the gain be-
low that given by the one-dimensional approximation.
When the Rayleigh range is long compared to the gain
length, there is not communication between all parts of the X 8(£—¢;(0)). (4.5
electron beam cross section, and consequently, the output
radiation will be comprised of many transverse moflels  Differentiating this equation twice with respect t¢holding
For a parallel electron beam, the one-dimensional approxi¢ fixed) and using Eq(4.4) for 6{;(7) leads to

diky
E(7,0)= % le e GO 1-i5¢(7)]

L0
it  d¢



K N
=ia g 3 [E(GO)FE (r.g(0)e 4]
X 8(£—¢;(0)). (4.6
In Eq. (4.6), the quantitya is defined by
2n,d;d
a=(2p)3="H2, (4.7)
Yo

wherep is the Pierce paramet€®], andn; is the maximum
of the line density(number of charged sheets per unit
length, computed by carrying out a local average to elimi-
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DefiningEy(¢) =E(0,{), and using Eq(3.6), we rewrite Eq.
(4.14) in the form

d;k
H(s,{)= Eo<z>+—2e—'%<° 8({—¢;(0)).
(4.15

We write

F(s,{)=e %f(s,{), (4.1

and insert this expression in E@.12 to obtain

N
JE £(5,£;(0))8(L— ¢(0))+€e¥H(s,0).
(4.1

0'
&_g“f(s )= =

on the number of electrons per unlt volumg,

Np=nN.N}. 4.9

—0<{1(0)<{p(0) <+ <{n(0)<e, (4.18

and adopt the conventiafy(0)= —o and{y, 1(0)=%. We

We wish to determine the coherent growth of the slowlyrequiref(s,{)—0 as{— — .

varying amplitudeE, defined in Eq(2.8). For this purpose,

Equation(4.17 implies

we can neglect the second term on the right-hand side of Eq.

(4.6), which is proportional t&*. (TheE* term is discussed
in Appendix B) Therefore we shall consider the equation

(92

0
- (aT ag)Ewo—la—E E(7,£(0)3(£~ £;(0)).

(4.9

The electric field is discontinuous at the positions of the
so Eqg. (4.9 must be

charged sheets{={;(7)=¢;(0),
supplemented bysee Appendix A

E(7,£j(0))=3[E(7,;(0) +)+E(7,{;(0)—)].
(4.10

To solve Eq.(4.6), we apply the Laplace transform

F(S,§)=fdee_STE(T,§), (4.11
0
and derive
J
a—gF(s,§)+sF(s,§)
2 N
g
— g FELO)8C-(0)=H(s0. (412
where
_Ia ko
0'2—?n—1 (4.13)
and
1
H(s,0)= E(oz)+ E(Té) . (414
04,’ o

2

S H(s.(0)+ 170 astj(0)g-ig(0).
(4.19

and Eq.(4.10 implies
f(s,£;(0))=3[f(s,£;(0)+)+f(s,£;(0)-)]. (4.20

Using Eq.(4.20 on the right-hand side of E@4.19 yields
2/52

1+o
m)f(&fj(o)—)

f(s,£;(0)+)=

d.k
+ﬂ(1_
YoS

0?1s?) " 1esti0g 140,

(4.2)
From Eq.(4.17), we observe
d¢'e'Eq({).
(4.22

(0
f(s,gj(0>—)=f(s.g,-,l<0)+)+f

j—1

With the initial condition

f(s,40(0)+)=0 (4.23

the recursion relations given in Eq¢.21) and(4.22 deter-
mine f(s,{;(0)+) for all j. Next, f(s,{) can be found for
arbitrary { by noting that for;(0)<{<{¢j4(0):

¢ '
(50=16400)+ | drevEe. @24
i
From Egs. (4.20)—(4.24, it follows that, for £;(0)<¢

<{j+1(0),
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f El it Jlufﬁw d¢' e Eol ¢’ 0x(7.L.0") = 0({~ 5>JHW e
(s0=2 | 1= 02/5 i {'e>* Eo(L) 1 i 2miS
{ d;ko 1+ g?/s?\ &)
+ dg' e Eo({)+ —— X (1—o?/s? 1(—
Jg,-(O) cet BT oS (1=0%1$) | =572
2 (4.30
XE (1~I—a' /s? ) (1_0_2/82)716341(0)e7i§j(0)_
1-o0?/s° The integrals in Eqs(4.29 and (4.30 vanish whenr—¢

+ ' <0, since in this case the contour can be closed in the

right half plane, which contains no singularities. It follows

thatg, ,(7,{,{") are nonvanishing only in the intervgl 7
Using Egs. (4.25 and (4.16, the Laplace transform <(¢'<(.

F(s,{) of the slowly varying envelopg&(r,{) is found to be In Appendix C we briefly discuss the evaluation of

given by 91(7.¢,¢’) as given in Eq(4.30.

(4.29

V. APPROXIMATING ELECTRON BEAM BY

=772 CONTINUUM FLUID

1+ g?/s?\ M&E)
ols )

H%Ffdﬁ@%%“ﬂ
- Let us now consider approximating the electron gain me-
dium by a continuum fluid. We suppose that the number of

X Eo(¢’ )+ — 2 e 496(,—¢;(0)) charged sheets per unit length increases toward infinity,
while the charge per unit arean, on each sheet decreases
0 I 1+ g?/s?\ MEGO+) toward zero, with the number of electrons per unit volurge
X eSj(0=(1— ¢?/s?)~ 1072 held fixed:
(4.26 n,—o,ng—0 with nynj=n, fixed. (5.0

) " ) . . In this limit we assume that the number of charged sheets in
The step functiond({—¢") is unity for {>¢" and vanishes ihe interval Co.lo+dEo) is given by
for {<{'. The integer valued functiom(Z,’) is equal to

the number of charged sheets betwéérand . ng
The envelopé&E(r,{) is determined by employing the in- Ko D({0)d{o, (5.2
verse Laplace transform,
whereD(¢{,) is a smooth function with &D ({y)<1.
The number of charged sheets betwegérand { has the

cti= ds -~ :
E(r, g)zf P eSF(s,{), 4.27 limiting behavior
c—i®
,oong (¢
o | | ) [ aepico. 53
where the contour of integration is to the right of all singu- 0J¢

larities of F(s,{). Inserting Eq.(4.26) into Eq.(4.27) yields The quantitye=(2p)® defined in Eq(4.7) depends only on

the result no, and hence remains constant, whité defined in Eq.
(4.13 vanishes according to
HMFJdC(M$E@U ok
L9 ° o= 0 (5.4
2 ng’
N
E 1(7,£,£;(0)e 4O, (428 Itis now clear that
1+ 0282\ MEE) (14 (i @f25%) (Ko Iny) | (M /K0 420D (o)
with 1—07/s?) - 1—(ia/2$2)(k0/n1))
i ¢
o L et ds Hex;{g jldgoD(go)} (5.5
gZ(Tygag )_0(§_§) oo ﬁe ¢
, The functionsy; andg, [Egs.(4.29 and(4.30] have the
1+ g?/s?\M&¢) limits S e T
“1=o7s “.29

gl(Tagigr)_).g(Trgagl) (56)

and and
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gZ(Trgag,)Hg(T!é’ig,)v (57)

where the dots denote derivatives with respect-tof the
continuum Green functiog [2], given by

g9(7.¢,{")=6({=¢")
c+ie ds
Xfc_ix 2mis

The continuum Green function satisfies the equafb|

esS(r—+ ) gl a/szféd{oD(go)_

(5.9

32
Pr

9(7,¢,¢")=6(n)d({—=¢").
(5.9

(0 a) ,
E_'Fa—g_laD(g)

Taylor expanding the exponential functions in E§.9),
and summing the contributions of the polessat0 [10,13,
one finds

9(7.¢.{")=8(.{= ")

(= L+ (-7
(21)! I

(5.10

><|:E0 [iaw(¢,¢")]

and
9(r.,{")=6(r— ¢+ ) +S(7,{—{")

(r=¢+¢)2 71 (=)
21-1)! I ’

(5.11

x;l [iaw(,¢)]'

where

1 ¢
wei=7p | dabi. 612

The functionS(7,{—¢") was defined in Eq(3.14 during
our earlier discussion of spontaneous radiation.
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©*—iQ d ) ,
g(r.z,g’)=f , 2—qe'q“‘“G(r,q;w(é,£’)),
—%—iQ n
(5.15
with
G . , 3 eslT + eSzT
(TG )= (5 o6 (51 59) T (Sy—51)(S1—59)
eSsT

(5.1

T (s—s)(ss-50)

Recall thats, ,s,,s3 are functions ofg andw(¢,’), as de-
termined by the cubic equatig.14).

Equations(5.14—(5.16 provide a generalization to the
bunched electron beam of the well known result for an un-
bunched(coasting electron beam, for whichw({,¢")=1.

For the coasting beam, it is a consequence of translation
invariance that the Green function has the fogtr,¢
—{"), ands;,s,,S3 are independent gfand{’. In this case

Eq. (5.19 is a Fourier representation in the varialgle '.

One generally letg denote one of the cube roots iof

(5.17

and expresses the solution of the cubic equatiohd) in the
perturbation expansion:

i /6

u=e ei571'/6 ei37rl2

2
+eee (5.18

s i[q 11/q
2p *73\2p) o \2p

The fastest growing modeexp(s;7)] corresponds to
s, V3 1/9g\? [1 1/q 1/q)?
2 3120/ "18\2) |
5.

202|179 i
Use of Eq.(5.19 in Eq. (5.16 yields the widely used Gauss-
ian approximation to the dependence®fr,q) on the de-
tuning g=(w — wg)/ wg. This approach is not so helpful in
the case of a bunched electron beam, and we base our analy-
sis in the next section on the power series representation

The collective behavior in the FEL becomes apparengiven in Eq.(5.10.

when we reexpress E.8) in the equivalent form

a(7.¢.¢")
cHio ds&T [o—iQ dq eiq(§*§’)
:fc—ioo 2 f-w—iQﬂssﬁqsz—iaw(é“.é")'

(5.13

where the contour of thg integration is taken to lie below

the pole, assuring the integral vanishes wijen,’ <0.

We denote bys,,s,,s; the three solutions of the cubic

equation
s*+igqs?—iaw({,¢')=0.

(5.19

Interchanging the order of the integrations in E§.13), we

VI. RADIATED ENERGY

For amplified spontaneous emission, we showed in Eq.
(4.28 that the electric field envelope can be expressed as
[2,5]

diky
E(r.{)= ;—0" ,21 e 40g,(r,4,4(0). (6.1

The corresponding radiated energy lads(7) from a bunch
of N electrons was found in E¢3.15 to be determined by

d>

AF(T)=—m f dZ|E(7,0)|2. (6.2

evaluate thes integration in terms of the residues of the threeThe square of the magnitude of the envelope function is

poles, obtaining

found by multiplying Eq.(6.1) by its complex conjugate:
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a2 [ N 9(7,¢,¢")=h(T.{,{"; L
|E<r,§>|2=;—(2)°L21 037, GO e d)=h(meehe)

- =S(7,{~ )2 [Iw(Z,{2p)]!
+_E| e 040, (7,£,£;(0)) =
IE:

— o2
(7 (Q;-li')'é) (¢ “f ) . 6.8
Xg’{(ﬂ(’él(o))] (6.3 ' '

The expressiofEq. (6.4)] for the average radiated energy

) o can also be rewritten using the scaled variables. We find
Given the initial phaseg{;(0)} of the electrons, Egs.

(6.2) and(6.3) can be used to calculate the radiated energy. If —didyky | Ny N

one thinks of{{;(0)} as stochastic variables, the average >:—z{ fd§f dZoD(&o;¢B)
- e : - 2py5  [2pko

radiated energy, its fluctuation, and other statistical proper-

ties can be determingd4-16. Here, we shall not analyze — =

the fluctuation and statistical properties of the radiation, but X|N(7,¢,80:¢B) "+

shall consider the average energy radiated by a bunch of

electrons. N7 7 Na—ilo20n—F 7 7
We suppose the average properties of the electron beam Xf dZ f d{oD(4o:¢s)e *0N(7,{,{0:¢B)

are adequately described by the distributibiisy) intro-

duced in Eq.5.2). Also, we approximate,(7,Z,{’) by its 6.9

continuum limit§(7,¢,{’), as discussed in Ed5.6). The

function g(,Z,¢’) will be evaluated using the power series

n, \2
2pk0

2

Let us express Eq6.9) in the following form:

expansion of Eq.(5.10. The average radiated energy is —
given by (AF>:(AF9)[Negf ddind(7.¢¢B)

dydoko [Ny _ +N2, | diTeoi(T.8i L5 p) (6.10
(Ar(m)=- =5 k—ofdzf dZoD(£0)|8(7.¢.¢0)|? eg| delea7¢ila.p) . -

n, 2 _ 2 Here,

+ PR fdg‘f dZoD(Lo)e™"0g(7,¢,Lo) }
0 d1d2k0
6.4) Fg=— 2py§ (6.11

For a short wiggler, this expression reduces to Ej19 is the'energy lost by one electron in the first gain length of

derived during our discussion of spontaneous radiation. Ithe wiggler, and

Eq. (6.4) the first term corresponds to incoherent SASE and

the second term to coherent SASE. N, =—
At this point it is useful to introduce the scaled variables *9 2pko

employed by Bonifacio, Pellegrini, and Nardu¢®i,

ny

(6.12

is the(peak number of electrons a radiation wave front slips
. _ _ over in the time it takes an electron to travel one gain length
T=2p7, {=2p{, and{'=2p{’. (6.5  down the wiggler.
In Figs. 1 and 2, respectively, we plot the quantities
Here, p is the Pierce parameter defined in B4.7). Let us  T'j,(7,4;¢g) andl .o(7,¢; (g ,p). In these figures the scaled

assume the electron bunch distribution has the form distance along the wiggler axis at which the energy loss is
computed is taken to be=5. The bunch profile is chosen to
D(Zo:¢8)=A(Lo/Zs)=D (L. ln), (6.6) be the step function distribution:
_ _ — |1 0<lo<is
where /g parametrizes the bunch lengtty=2pZ, and (g D(Zo0:ds)= 0, otherwise, 613

=2plg. From Eq.(5.12 it follows that

with the scaled bunch lengfy=2. The Pierce parameter is
1
P=15-

1 ¢ -
W(§,§':§B):ﬁ J,dé'oD(éo;ZB):W(é,{'Is)- When considering Figs. 1 and 2, one should recall that
¢ (6.7) radiation arrives at=>5 during a time interval characterized

by 0<Z< 7. The back of the electron bunch is Iocated?at
Using a=(2p)3 [Eq. (4.7)] and Eq.(6.7) in Eq. (5.10, we =0 and the front a=2. Radiation in the interval 2¢
can express the response function in terms of the scaled var 7/ has slipped out of the electron bunch, while that in 0
ables, < {<2 is located within the bunch. Radiation n€ar 0 has
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long electron bunch, but must be retained when the electron
bunch length is comparable to or shorter than the radiation
wavelength. As a specific example, in Appendix B we have
determined the radiated field from an electron bunch whose
length is very short compared to the radiation wavelength.
Here, we shall discuss this case in more detail.

As in Eq. (4.18), we take

—0=/(0)<1(0)<Z(0) <+ -<IN(0)<Iy41(0)=00.
(7.0

inc

Since the bunch is very short compared to the radiation
wavelength, to good approximation dll(0)= ¢ and

e i0=e 1 (j=1,...N). (7.2

FIG. 1. We plotl'y,(7,¢;{s) against, for 7=5 and {g=2. , . ,
The integral under the curve is 163. The scaled quantities plottedSide the electron bunch, it is shown in E&21) that for

are dimensionless. £i(0)<{<¢;+1(0)=<{n(0)
not been amplified, since it has just been emitted and has not g (7, /)= % [J- + -2(%> % (71— {+)2|e V.
had time to slip through the bunch. Nega# 7 the radiation Yo Ny 73

emitted by electrons at the front of the bunch immediately

after they entered the wiggler is found. This radiation is un-|n this casez=4. In front of the bunch, it is shown in Eq.
amplified, because it was emitted before the FEL action hagg22) that for ¢\ (0)< (< ¢n(0)+ 7

produced a density modulation on the electron beam.
In Fig. 1 the integral ovel';,. with respect tcfis equil to E(r,0)= M [N+ NZ(% 1 (r— i+ w)z}e‘i‘”.
163, and in Fig. 2, the integral oveér,,, with respect ta/ is Yo ng )2
equal to 0.45. It follows from Eq6.10 that in this case, the (7.4
coherent energy loss will be greater than the incoherent lo ' . -
whenNg > 36(?.yTherefore co%erent SASE is seen to be im%iuecgzlr%gé?fzi%;;) i{s> d%{g?r)r:irng dAt;[ytTEe q&%s)'t;?sntr?;c g\]/e_

portant for a short electron bunch with sharp ends. Such A A . NS .
case was studied experimentally at the Sunshine faflity rage of the field just in front of and just behind it. One finds

Our analysis of the incoherent SASE is similar to that dyko
presented in Ref.13]. The coherent SASE was not consid- E(7,4(0)= 5~ [(2] —1D+[(j—1)%+j?]
ered in Ref[13], but has been recently considered by Pio- Yo
vella [18], utilizing the frequency-domain equations of Ref. iako| 1 _
[11], which are related to the time-domain equati¢Bs})— (n—l > e ' (7.9

(3.6) by Fourier transform.
The ponderomotive phase shift of thi source is found

VII. RADIATED FIELD FROM BUNCH MUCH SHORTER by inserting Eq(7.5) into Eq. (4.4), yielding =1, ... N)
THAN RADIATION WAVELENGTH

. a’ko 1
In Appendix B the linearized FEL equations are solved 6li(n)=—(2j—1) n_l) > 7. (7.6
retaining theE* term. TheE* term may be neglected for a

It is straightforward to verify that the field as given in Egs.

(7.3—(7.5) satisfies the partial differential equation
0.25
N
d d;kg _
0.2 —+—|E =" “Wr1—i 8¢
57" g | E(mO=— " 2 e [1-i6¢;(7)]
015 |
Feon X 8({~¢;(0)). (7.7
01 |
» In order to determine the correction to the radiated energy
005 ¢ from coherent spontaneous emission, it is necessary to con-
‘ ‘ ‘ ‘ ‘ ~ sider terms neglected in the linear approximation utilized in
1 A 3 4 5 5 7 this paper. This problem will be considered in future work

[19].

|

- - VIIl. CONCLUSIONS
FIG. 2. We plotl".o(7,¢; {5 ,p) againstZ, for 7=5, {g=2, and

p=75. The integral under the curve is 0.45. The scaled quantites For a given initial set of longitudinally discrete radiators,
plotted are dimensionless. we have solved the linearized one-dimensional FEL equa-
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tions to determine the evolution of the radiation field. As inNow we multiply Eq.(3.6) by E(7,¢), and then integrate

previous studies of SASE2-5,11], the discreteness of the over the same interval abotit= {j(7):

radiators enters the initial conditions. A distinguishing fea-

ture of the present work is that the discreteness of the radia- fé‘““s

tors has also been retained in the determination of the re- Li(n—e

sponse functionsg, (7,¢,{"). This has allowed us to

elucidate the common practice of approximating the electron {j(n+e N etiam

gain medium by a continuum fluid. We have been able to —f d¢ dlkol_zl “y(n) E(7,0)8({—&(7)).
. . K . . = |

obtain the results of the continuum fluid approximation by

carrying out the appropriate limit on explicit expressions we (A3)

have derived for the response functions. In this paper we . - .

have treated the electrons as charge sheets, rather than 4&ing the limite—0, we obtain

point particles. It is to be hoped that in the future, a three-

7,

A E(ro)| 5o+ o

J
5.t )E(Tyi)

{j(n)—e

dimensional approach will be developed, taking into account 1 [E?(r, Zi(n)+)— E?(r, (1]

the full discreteness of point electrons. Such work would 2

extend the three-dimensional descriptions of SASE presented dike

in Refs.[4,5]. = —— e "HE(7,£i( 7). (A4)
In treating the collective instability in FELSs, it is usual to ¥i(7)

neglect theE* term in the evolution equatio®.6). In Ap- : : ; ; .
pendix B we have obtained the solution of E4.6) retaining Using Eq.(A2) in Eq. (A4) yields the desired result

theE* term. Neglecting th&* term yields the correct lead- E(r,¢;(7)=3[E(1,{;(1)+)+E(r,{(1)—)].  (A5)
ing behavior when the electron bunch is long compared to
the radiation wavelength and the Pierce parametersmall.  In the case of rf accelerators, a relation of the type exhibited

In this case, the response functidiigys. (4.29 and (4.30] in Eq. (A5) has been called the “fundamental theorem of
depend on the initial phases of the radiators only through theeam loading” by Wilsor{20].
functionm(Z,¢’"), defined to be equal to the number of ra-

diators betweerd’ and{. On the other hand, when thHe* APPENDIX B: DISCUSSION OF THE E* TERM
term is retainedAppendix B; nonleading terms in the re- ) ] ) )

exhibit a more complicated dependence on the initial phase¥/€ have neglected the term proportionaBd on the right-
When the electron bunch has a length comparable to dpand side of Eq(4.6). Let us briefly discuss the solution
shorter than the radiation wavelength, & term is impor- ~ When theE* term is not dropped. In this case, H¢.19 is
tant. This will also be true for a longer bunch as saturation igeplaced by

approached, but of course in this case nonlinear effects must

be taken into account. f(s,£;(0)+)=1(5,£;(0)—)
_ o * ~2i2;(0)
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APPENDIX A: PROOF OF EQ. (4.10 Using Eg.(B1), its complex conjugate, and E¢B2), we
derive
We integrate the paraxial wave equati¢®.6) over a v
small interval about = {;(7): f(s,£;(0)+)=Bj(s)f(s,;(0)—)
Ginte ( d a) diky . .
d¢| —+ —|E(r, +—— e 150 (s), (B3
ij—a {77+ 7gE0 s SI0e 0N, (BY)
N —j . . .
{i(n)+e e ' and Eq.(4.22 is still valid,
- [T ag e, 8¢~ (7).
G(n-e =1 n(7) 50
. — )= . 1 oS¢’ !
ay  T6G0=1640 0 [ ares e,
Taking the limite —0, we find (B4)
4k In Eq. (B3) we have defined
. - () —)= —0 g-igi(n) :
E(T,gj(T)‘f') E(T,é’J(T) ) ')’j(T) e it (A2) Bj(s):A(S)_FF(S)efZlgj(O)C' (B5)
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2

20 C+ioo
A©=1+ 7, B aanO-c-go|
202 XX EHODB(s,£,¢i(0) T)A(s)
I'(s)= 7 (B7) (B14)
and
and the operatadC, which takes the complex conjugate of all
factors to its right. For example, , . [eti= ds S(r— £+
0xr,8)=0=C) | Fe B(s.6.0).
u;Cuyuz=u,usuiC, (B8) (B15)
Cu;Cuyuz=u7 UsUs. (B9) Recall that
: B(s)=1+ Ko 1Ko a0 (g16a
As in Eq. (4.18, —»={,(0)<{1(0)<{(0)<---<{n(0) iS= T s ©
<{n+1(0)=».
With the initial condition, Eq(4.23, and
- i ak
£(s,40(0)+)=0, (B10) A(s)=1+ % (B16b)
1

the recursion relations given in Eq&3) and(B4) determine
f(s,¢;(0)+) for all j. Then,f(s,{) can be found for arbitrary
¢ by noting that for;(0)<¢<{¢j+4(0)

From Egs.(B13) and (B16), we see that in the continuum
limit, A(s)—1 and

i { )
¢ : B(s,é,z’)HeXpJ;—gJ,dzoD(§o)[1+e‘z'goc(zo)]]-
H(8.0)=1(5,¢,(0)+)+ L(O)olz'esg Eo(¢)). (BLY) : o
j

: The Z-ordered exponential exj¢) employed in Eq(B17) is
F Egs.(B3), (B4), (B10), and (B11), find for £;(0 - .
<r22§_is((()) ). (B4), (B10), and (B11), we find for £;(0) defined such that factors depending on larger valueg of
J

appear to the left. The operat@(¢,) takes the complex
i ) conjugak\‘te of Ii\ll factors appearilng tohits righlt. -
_ ! r st / Much work remains to explore the implications of the
f(s.) _2 Bj(S)B;-1(s) B'(S)fl 10 d{'e% Eo({") solution of the linearized FEL equations retaining &&
term, which we have presented in this Appendix. This will
4 F dgfesg'Eo(g,) be addressed in futufd9]. The effect of theE* term can be

£(0) expected to be important when the bunch length is compa-
rable to or shorter than the radiation wavelength. Let us con-
d1 0 sider the very special case of a bunch whose length is very

Z Bj(8)Bj-1(S):**By+a(9) short compared to the radiation wavelength. We suppose the
length to be so short that in EqB16g we can use the
« S0 1410) A (g) 4 TKO d;ko 61O 5O A (s). approximation
Y08 e AO=g"2v (j=1 .. . N). (B18)
(B12)

We wish to determiné(s,¢) from Eq.(B12), in the absence
Note that since the operatoi;(s) do not commute, the Of an external field.
order of the factors in EqB12) is important. The operators ~ Using Eq.(B18), it follows that forl=1, ... j—1
corresponding to larger phases appear to the left. i

Equation(B12) can be simplified, by introducing the op- Bj(S)Bj-1(s) By 1(s)A(s)e”

eratorB(s,¢,{’) defined by

= 1+[2(]—|)—1]W]e_'¢. (B19)
B(s,£,¢')=Bj(s)B;_1(s)"'B((9), (B13) !
Now, it follows from Eq.(B12) that for £;(0)<{<{;+1(0)

0 o iako
a (n15>

where the product is over all factoBs(s) corresponding to

phase<;(0) lying betweery’ and{, again with factors cor- f(s.0)=
responding to larger phases appearing to the left. When there S/
are no sources betweegi and ¢, then 8(s,{,{’) is unity.

Following steps analogous to those leading from @5  The inverse Laplace transform is taken using E47) and
to Eq. (4.30, we find (4.16. Inside the bunch, fof;(0)<{<{j;1(0)=<{n(0)

e v (B20)
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where

i ak .
Iilo) %(T—ﬁ t/f)z}e"‘”-

(B21) p(s)=sx+m(¢{, " +)In

d.k
E(7,0)= ;O‘)[mz(

2 0_2
52——02) (4

Ahead of the bunch, fof(0)<{<{N(0)+ 7 ) . o
The equation determining the saddle point g&(s)=0,

which can be written as

dlkO 2 |Clk0 1 2 i
~— _ = — - l//
E(r,{)= o N+N N, 5 (1= {+)Tle ™ st— gt=ss, (C5)
(B22)
where
For {>{\(0)+ 7, the field vanishes. At the position of the am(,¢ +)o?
jth charge E(7,£;(0)) is determined by EqIA5) as the av- sg=+. (C6)

erage of the field just in front of and just behind it.
Now let us briefly discuss the case of a bunch long com- : 2 :
-2 Treatingo® as a small parameter, we solve EG5) it-
EZL%% tlﬁ ttﬁg Ig‘g_'aéfr?egsgﬁéin%qhgr:e2&2‘?2;}?&?‘;)resoératively to find the locatios=35 of the saddle point, obtain-

wave (frequencyw,, wave numbeky) slipping ahead of the g

electrons traveling at velocityy= wq/(ko+k,,) by one ra- e

diation wavelength z/kg,, as the electrons traverse one wig- S=s5+ 33 +eee (C7)
0

gler period. TheE* term provides a resonant interaction be-
tween the electron beam and a slow EM wdfrequency Substituting Eq(C10 into Eq.(C7) vields
wq, wave numbek,+ 2k,,) of opposite helicity to the fast 9 Eq(C10 a.Cny
wave, which slips behind the electrons by one radiation 3

wavelength 2r/(ko+ 2k,,) as the electrons traverse one wig- p(S)~3 (4mo?) 33
gler period. The slow wave is not present initially, and is not

radiated spontaneously. It is, however, eventually generateg £q. (C8) we choose the cube root of to have a positive

1z
9

4/3
Imao? } (€8

tion. Once generated it can be amplified. field. Defining
0 !
APPENDIX C: EVALUATION OF RESPONSE FUNCTION y= n_l m(¢£,&'+), (C9)
91(7.£,¢") g )
and using Eq(4.13 in Eg. (C8), we obtain
Let us consider the representation K 7,£,{’) given in g Eq(4.13 a.(C8)
Eq. (43() . im/3 pk 2/ y\ 413
8)~3pe (22 1”[1+ —0) (—
/ , p(5)~3pe' ™>(2x7y) 1825 | o, ) |y
gl(Tvgvg ):6(§_£ ) (Clo)
ctie ds S §2+ g2\ MEL ) and
XJ Ny e> P 32—02) , .
o 91(7,4,")xeP®, (C1)
(Cy . . : o
The first term in Eq(C10 is the result obtained in the
where we introduce the notation g:ontinuum Iim_it[lO]. The second term is a correction result-.
ing from the discreteness of the radiators. We note that, as in
Eq. (6.12,
x=1—{+{'. c2 F@12
For a long wiggler, i.e., gr=1, it is useful to follow Ref. Neg__Zpko (C12

[10] and obtain an asymptotic approximation fpr utilizing
the saddle point method. We suppasand— ¢’ are large, is the(peak number of electrons a radiation wave front slips

as ism(Z,¢'+). We rewrite Eq.(C1) in the form over in the time it takes an electron to travel one gain length
down the wiggler. The effect of discreteness will be negli-
ctrie ds gible when

s
2 eP®, (C3

cin 2 S°—0

gl(Tigvgl): 0(5_5,)

N> 1. (C13
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